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Abstract
We consider an extension of Higgs inflation in which the Higgs field is coupled to the Gauss-Bonnet term.
Working solely in the Jordan frame, we firstly recover the standard predictions of Higgs inflation without a
Gauss-Bonnet term. We then calculate the power spectra for scalar and tensor perturbations in the presence
of a coupling to a Gauss-Bonnet term. We show that generically the predictions of Higgs inflation are robust
and the contributions to the power spectra coming from the Gauss-Bonnet term are negligible. We find,
however, that the end of inflation can be strongly modified and that we hence expect the details of (p)reheating
to be significantly altered, leading to some concerns over the feasibility of the model which require further
investigations.
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I. INTRODUCTION
While the idea of inflation, an accelerating expansion in the very early universe, has been very
successful in circumventing problems with the standard big bang cosmology, as well as accounting for
the near-scale-invariant spectrum of primordial density perturbations observed now to a high level of
precision by Planck [1], there is still no conclusive solution to the problem of how to embed inflation
into a particle physics motivated framework. The most common approach to this problem has been
to couple gravity to a scalar field, the inflaton, in the context of a theory beyond the standard model.
The inflaton in such models may be based on scalar degrees of freedom that arise in theories such as
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supergravity, braneworld scenarios, or even modifications of general relativity, such as is the case with
Starobinsky inflation [2].
More recently, the idea that the standard model Higgs boson may be the inflaton [3–6] has attracted
considerable interest. Especially with the discovery and analysis of the properties of the Higgs at the
Large Hadron Collider [7, 8], this particular model now has considerably less uncertainty in its parameters
than those which rely on embeddings in poorly constrained extensions of the standard model (see [9]
for a review). Furthermore, it agrees with data from CMB experiments surprisingly well. The key
ingredient which makes Higgs inflation work is a non-minimal coupling between the Higgs field and the
gravitational sector1, which flattens the Einstein-frame potential in the large-field regime, allowing the
slow-roll conditions for inflation to be realised. It is well known that at first order in slow-roll, this
model predicts a spectral index which is consistent with data, as well as a low enough tensor-to-scalar
ratio to be comfortably below the experimental limits on primordial gravitational waves.
Despite its status as one of the most minimalistic, yet experimentally compatible, models of in-
flation, it does however have some issues. The required magnitude of the non-minimal coupling has
been criticised as unnatural, in an effective field theory sense, and there are concerns over whether
the (meta-)stability of the vacuum in Higgs inflation scenarios is sufficient (see [11] for a discussion).
Furthermore, while the presence of the non-minimal coupling to gravity in Higgs inflation is in itself
well-motivated by consideration of the renormalisation of a scalar field in curved space [12], it is quite
feasibly not the end of the story when it comes to additional interactions that one would expect to
be present when the model is embedded in some UV-complete theory [13]. One particularly simple,
yet potentially interesting modification of this type would be to consider couplings to quadratic and/or
higher-order curvature scalars, the simplest manifestation of which would be the Gauss-Bonnet combi-
nation R2−4RµνRµν +RρµσνRρµσν , and that is the aim of this paper. Such motivations for the addition
of the Gauss-Bonnet term are complemented by considerations from string theory where particular
couplings between the Gauss-Bonnet term and scalar fields have been found [14–16].
The inflationary behaviour of a generic scalar field coupled to just the Gauss-Bonnet term has been
studied in isolation [17–21], but this is equivalent to adding the Gauss-Bonnet term in the Einstein
frame version of a theory2. Theories with modifications such as non-minimal couplings to gravity such
as Higgs inflation, however, are often formulated in the Jordan Frame, and as such additional couplings
such as to the Gauss-Bonnet combination may be more meaningful when implemented directly in the
Jordan frame. We are hence motivated to study inflation in the context of a scalar field with both a
1 A different type of interaction than the one we consider has been studied in [10].
2 More general couplings to any function of the Gauss-Bonnet combination have also been considered in [22]
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Gauss-Bonnet coupling and a non-minimal coupling to the Ricci scalar in the action.
The paper is organised as follows. In the next section, we present the model. In section III, we
study standard Higgs inflation (without Gauss–Bonnet term), but perform the calculation in the Jordan
frame, instead of the Einstein frame, as it is usually done in the literature. This is to set the scene
for the calculation when we include the Gauss–Bonnet term but it also acts as a consistency check of
our approach. Not surprisingly, we find that the Jordan frame calculation agrees with the Einstein
frame one. In Section IV we include then the Gauss-Bonnet term and find expressions for the scalar
perturbations and the tensor perturbations. In Section V we discuss the results and the implications
for the end of inflation. Our conclusions can be found in section VI.
II. THE MODEL
We consider a scalar-tensor theory specified by the action,
S =
∫
ddx
√−g
[
1
2
F (h)R− 1
2
ω(∂h)2 − V (h)− 1
2
G(h)E
]
, (1)
where E = R2 − 4RµνRµν + RρµσνRρµσν represents the Gauss-Bonnet combination, and the potential
V (h), non-minimal coupling function F (h) and Gauss-Bonnet coupling function G(h) are unspecified
functions of the scalar field h. If we interpret h as the unitary-gauge Higgs field, this action is a
generalisation of the standard Higgs inflation action, which has the potential,
V =
λ
4
(
h2 − v2)2 ≈ λ
4
h4 , (2)
where v is the Higgs VEV, that can be neglected during Higgs inflation where h≫ v, such that a simple
quartic potential is a good approximation. The prefactor λ is fixed by experimentally measured values
of v and the mass of the Higgs boson. Higgs inflation also corresponds to the choice F (h) = 1 + fh2
where f is a constant parameter3.
Note the presence of the constant ω multiplying the scalar field kinetic term. This is generally included
in models containing the Gauss-Bonnet term as a constant which can be chosen to take the values ±1,
the negative choice being necessary for certain forms of the Gauss-Bonnet coupling function to ensure
conventional inflationary behaviour [19][20]. The standard model Higgs boson has a conventional kinetic
term and thus ω is set equal to 1 when we specialise to the Higgs case detailed above, but in the interest
3 While often called ξ in the literature, we instead choose this notation to avoid confusion with the Gauss-Bonnet coupling
function which is unfortunately also typically denoted ξ(φ) in the literature.
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of maintaining greater generality we will work with unspecified values of ω as well as the three functions
V , F , and G in our derivations as much as possible.
Usually, with non-minimally coupled models like standard Higgs inflation, one would usually proceed
to now make a conformal transformation to the Einstein frame to reduce the problem to a more-studied,
mathematically simpler problem with well-known solutions . However, the introduction of the Gauss-
Bonnet term significantly complicates this approach. To see this, note that while under a conformal
transformation of the form,
gµν → e2Γ(h)gµν , (3)
the Ricci scalar term in a standard Jordan frame theory (eq. (1) without the Gauss-Bonnet term) will
look like
S ⊃
∫
ddx
√−g
[
1
2
Fe(d−2)ΓR
]
(4D)
=
∫
d4x
√−g
[
1
2
Fe2ΓR
]
, (4)
and it is simple to choose 2Γ = − ln (F ) to obtain the Einstein frame action. In contrast to this, under
a conformal transformation the Gauss-Bonnet term becomes [23],
E → e−4Γ
{
E − 8(d− 3)Rµν (Γ;µΓ;ν − Γ;µ;ν)− 2(d− 3)R
(
2Γ + (d− 4) (∇Γ)2)
+ 4(d− 2)(d− 3) [(Γ)2 + (d− 3) (∇Γ)2 (Γ)− (Γ;µ;νΓ;µ;ν − 2Γ;µ;νΓ;µΓ;ν)]
+ (d− 1)(d− 2)(d− 3)(d− 4) (∇Γ)4
}
, (5)
such that the full action including the Gauss-Bonnet term, following a conformal transformation, con-
tains the term,
S ⊃
∫
ddx
√−g
{
Fe(d−2)Γ + 4Ge(d−4)Γ (Γ)
}R
2
(4D)
=
∫
d4x
√−g
{
Fe−2Γ + 4G (Γ)
}R
2
, (6)
which complicates the usually simple choice of a function Γ to implement the Einstein frame, as now
the prefactor of R includes (Γ) and the condition to set the coefficient of R to a constant is dynamical.
Further complications to the usual idea of the Einstein frame come from terms in the transformation
such as,
S ⊃
∫
ddx
√−g [4(d− 3)e(d−4)ΓGRµν (Γ;µΓ;ν − Γ;µ;ν)] (4D)=
∫
d4x
√−g [4GRµν (Γ;µΓ;ν − Γ;µ;ν)] . (7)
While all of these terms generated in the conformal transformation of the Gauss-Bonnet term are
components of a general Hordenski theory, the complications involved in the analysis of this render the
problem more tractable if we stay in the Jordan frame in which the model was formulated.
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III. HIGGS INFLATION IN THE JORDAN FRAME
To set the scene, we begin by retrieving the known results for the leading order slow-roll predictions of
standard Higgs inflation, but without transforming the theory to the Einstein frame as is conventionally
done. This is mainly to verify that our methods in the Jordan frame correctly reproduce the findings
carried out in the Einstein frame, widely available in the literature, in anticipation of studying the full
model including the Gauss-Bonnet term in the Jordan frame in the next section. Of course, in this we
assume that choice of conformal frame does not alter the theory, as has been widely reaffirmed in the
literature (see e.g. [24–26]), at least until quantum corrections are considered [27].
We begin with the special case of the action in eq. (1) in which the Gauss-Bonnet coupling G(h) is
zero4 and ω = 1 that is,
S =
∫
ddx
√−g
[
1
2
F (h)R− 1
2
(∂h)2 − V (h)
]
, (8)
which leads to the equations of motion
3FH2 =
1
2
h˙2 + V (h)− 3HF˙ , (9)
2FH˙ = −h˙2 − F¨ +HF˙ , (10)
h¨+ 3Hh˙+ V,h − 3(H˙ + 2H2)F,h = 0 . (11)
While we have not chosen notation that explicitly reflects this, it is important to note that the variables
we are referring to in these equations are Jordan frame variables. Due to the conformal factor relating
the metrics of two frames, the scale factors and hence derived quantities such as the Hubble parameters
H and the e-fold count N of the two frames differ [28]. In particular, the e-fold count differs by a
logarithmic correction ∆N ∝ ln (F (h)) [29, 30]. Conventional Higgs inflation is typically formulated
in the Einstein frame, and it is usually taken that 60 e-folds of Einstein frame expansion are required.
The Jordan frame, is, however, the frame in which the couplings between the Higgs and the rest of the
standard model are in their conventional form, so one may argue that it is the more correct frame to
require 60 e-folds of inflation in. Nevertheless, even for a fairly large non-minimal coupling function F ,
the logarithmic difference in N between the frames is going to be small. Indeed, we find at the level of
a leading-order slow-roll analysis, neglecting this does not alter our results. We shall hence proceed to
ignore this technicality and directly compare results in the two frames.
4 More generally, we can study the case where G(h) is a constant and obtain the same results, as the uncoupled Gauss-
Bonnet term (and hence any constant multiple of it) does not contribute to the equations of motion in four dimensions.
Only by choosing a non-constant G(h) does this term actually modify the theory in a non-trivial way.
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Proceeding to calculate the number of remaining e-folds before the end of inflation, while neglecting
terms proportional to e.g. h¨ to implement a slow-roll approximation, we obtain,
N ≈
∫ hf
h
[
V
2F
(
2F + 3F 2,h
2V F,h − V,hF
)
− F,h
F
]
dh ≈ 3
4
(
1 +
1
6f
)(
1 + fh2
)
+
1
4
ln
(
1 + fh2
)
, (12)
where in the second equality we have used the particular forms of F and V pertinent to Higgs inflation,
as well as making the approximations h ≫ hf and h ≫ v to keep things neat. If we then approximate
this further by ignoring the logarithmic term (which is related to the difference between frames) and
taking f ≫ 1, we simplify our result to,
N ≈ 3
4
(
1 + fh2
)
. (13)
This is equivalent (as discussed, up to the slight difference in meaning due to the conformal relation of the
frames) to the Einstein frame result found ubiquitously in the literature [3, 31], as can be seen explicitly
by considering the relationship between the Jordan frame field h and the canonically normalised Einstein
frame field χ [9], given by (
∂χ
∂h
)2
=
1 + f (1 + α2f) h2
(1 + fh2)2
. (14)
A. Slow-roll in the Jordan frame
While in standard (EF) inflation, it is useful to define a series of slow-roll parameters such as,
ǫ0 =
−H˙
H2
, ǫn =
ǫ˙n−1
Hǫn−1
, (15)
which must satisfy ǫn < 1 to represent a period of sustained inflation, it is useful in the Jordan frame
to define a second such series in terms of F . Noting that the equations of motion for this system give
us an expression for ǫ0 of the form,
ǫ0 =
h˙2
2H2F
+
F¨
2H2F
− F˙
2HF
, (16)
we are motivated to define these Jordan frame slow-roll functions, which we will call ζn and similarly
require their magnitude be small, such that,
ζ0 =
F˙
HF
, ζn =
ζ˙n−1
Hζn−1
. (17)
This choice of slow-roll parameter is also motivated by noting that slow-roll can be thought of as the
conditions h¨ ≪ Hh˙ ≪ H2h, which in turn imply for a smooth function F (h) that F¨ ≪ HF˙ ≪ H2F
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[32]. We can then expand quantities in terms of a combination of the conventional ǫn parameters and
these new ζn functions as in standard Einstein frame models to construct a slow-roll analysis of a model
in the Jordan frame. It is helpful to expand the kinetic and potential terms for the h field in terms of
slow-roll parameters, and find that,
h˙2 = H2F
[
2ǫ0 + ζ0 − ζ0 (ζ1 + ζ0 − ǫ0)
]
, (18)
V = H2F
[
3− ǫ0 + 5
2
ζ0 +
1
2
ζ0 (ζ1 + ζ0 − ǫ0)
]
. (19)
Some useful relations for performing slow-roll expansions in this formalism are given in appendix A.
Following a full numerical integration of these equations of motion to confirm reasonable inflationary
solutions exist and conform roughly to our expectations (such as approximate number of e-folds) to
verify our methods so far, we proceed to analyse the spectrum of perturbations at first order in slow-roll
in order to compare them to the Einstein frame formulation of the theory.
B. Scalar Perturbations
The linear perturbation equations for this system can still be written in Sasaki-Mukhanov form
despite the non-minimal coupling function (we will later see that adding the Gauss-Bonnet term also
does not prevent us from transforming the perturbation equations into such a form) [33, 34]. That is,
working in terms of the variable υs = zsR where R is the curvature perturbation, we have the equation
of motion for a given mode k,
υ′′s +
(
k2 − z
′′
s
zs
)
υs = 0 , (20)
where zs = a
√
Qs, the prime represents differentiation with respect to conformal time coordinate η,
satisfying dt = adη, and
Qs =
h˙2 + 3
2
F˙ 2
F(
H + 1
2
F˙
F
)2 . (21)
The sound speed of the perturbations meanwhile remains as cs = 1 in the Jordan frame. Exact solutions
of this are linear combinations of Hankel functions such that,
υs =
√−η
(
C1H
(1)
Ωs
(−kη) + C2H(2)Ωs (−kη)
)
, (22)
where Ω2s = 1/4+η
2z′′s/zs, which can be systematically, albeit tediously, expanded in slow-roll parameters
as necessary.
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Quantisation of the perturbations requires the solution to asymptotically tend towards the Bunch-
Davies initial condition at early times (η → −∞), we find the integration constants must be C1 =√
π/4 exp(iπ (Ω + 1/2) /2) and C2 = 0. The solution at late times (η → 0) is then of the form,
υs =
[
2Ωs−3/2
Γ(Ωs)
Γ(3
2
)
]
e(
ipi
2
(Ωs+ 1
2
))
√
η
2
(−kη)−Ωs , (23)
and has a corresponding power spectrum,
PR = k
3
2π2
∣∣∣∣υszs
∣∣∣∣
2
=
k3
2π2a2
|υs|2
|Qs| ,
=
[
2Ωs−3/2
Γ(Ωs)
Γ(3
2
)
]2
H2
4π2 (aHη)2 |Qs|
(kη)3−2Ωs . (24)
Following the usual procedure of evaluating this spectrum at the time when k = aH (when the mode k
is crossing the horizon) and approximating the spectrum to leading order in slow-roll, we find
PR ≈ H
2
4π2 |Qs| . (25)
Using the dual slow-roll expansion in ǫ0 and ζ0 discussed above we can re-express Qs in terms of slow-roll
quantities as
Qs =
FA(
1 + 1
2
ζ0
)2 , (26)
where
A = 2ǫ0 + ζ0 − ζ0 (ζ1 − ǫ0) + 1
2
ζ20 . (27)
In terms of slow-roll parameters, we then have at leading order,
PR ≈ H
2
4π2F |2ǫ0 + ζ0| . (28)
This expression looks qualitatively similar to the standard Einstein frame result, indeed, setting F = 1
(and hence ζ0 ∝ F˙ = 0 we recover the usual result. Now, specifying to the appropriate potential and
non-minimal coupling function for Higgs inflation, we can evaluate this spectrum for a given parameter
choice, and find the scalar amplitude can be written in the form,
As =
λh4
128π2
=
λN2
72π2f 2
, (29)
where in the second equality we have used eqn. (13) and f ≫ 1 to rewrite the amplitude as a function
of number of e-folds remaining before inflation ends. This result is in agreement with the Einstein frame
version of the calculation [9], and hence with N = 60, also requires f ≈ 50000√λ for normalisation to
the CMB data.
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We can similarly evaluate the spectral index in a slow-roll expansion, to find at leading order that,
ns − 1 = −2ǫ0 − 2ǫ0 (ζ0 + ǫ1) + ζ0 (ζ0 + ζ1)
2ǫ0 + ζ0
. (30)
This, evaluated using the relevant functions for Higgs inflation, takes the form,
ns − 1 ≈ −8N + 7
4N2
≈ −2
N
, (31)
which, again, agrees with the Einstein frame result at first order [9] and for N = 60 gives ns ≈ 0.967. The
close equivalence of these spectral properties has also been observed numerically, using a full integration
of the background equations of motion in each frame, with the small observed differences (typically at
the 3rd or 4th significant figure) being attributed to approximating N to be the same in both frames.
C. Tensor Perturbations
Similarly analysing the spectrum of tensor perturbations in the Jordan frame, we once again write
the perturbation equation for a single mode in Sasaki-Mukhanov form,
υ′′t +
(
k2 − z
′′
t
zt
)
υt = 0 , (32)
where υt is related to the tensor mode by a factor of zt = aQt, where in this case Qt is simply F . The full
gravitational wave spectrum is then, in analogy with the solution given for scalar modes in the previous
section,
PT = 2k
3
2π2
∣∣∣∣2υtzt
∣∣∣∣
2
=
8k3
2π2a2
|υt|2
|Qt| ,
=
[
2Ωt
Γ(Ωt)
Γ(3
2
)
]2
H2
4π2c3t (aHη)
2 |Qt|
(ctkη)
3−2Ωt , (33)
where Ω2t = 1/4 + η
2z′′t /zt. This can then be approximated (again at the point when k = aH) as,
PT ≈ 2H
2
π2 |Qt| , (34)
which in combination with the scalar amplitude calculated in the previous section lets us obtain the
tensor-to-scalar-ratio,
r =
PT
PR = 8
∣∣∣∣QsQt
∣∣∣∣ ≈ 12N2 . (35)
Once again this is consistent with the Einstein frame version of the theory [9], and has also been verified
numerically. Furthermore we find that r = −8nt, replicating the consistency relation. Given these
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results as well as those of the scalar spectrum in the previous section, we are now confident that working
in the Jordan frame with these particular methods is able to correctly rediscover the results of usual
Higgs inflation. While the calculations for this particular example are only complicated by the choice
of the Jordan frame, we will now go on to apply these tested methods to the full action containing the
Gauss-Bonnet term which does not behave simply under conformal frame transformations.
IV. GAUSS-BONNET-HIGGS INFLATION
We now proceed to study the full action for the theory, as shown in eq. (1), using the Jordan frame
techniques developed and tested in the previous section. Firstly, the background equations of motion
for Gauss-Bonnet-Higgs (GBH) inflation are found by variation of the action to be
3H2(F − 4HG˙) = 1
2
ωh˙2 + V (h)− 3HF˙ , (36)
2(F − 4HG˙)H˙ = −ωh˙2 − F¨ +HF˙ + 4H2(G¨−HG˙) , (37)
ω(h¨+ 3Hh˙) + V,h − 3(H˙ + 2H2)F,h + 12H2G,h(H˙ +H2) = 0 . (38)
We can use this to construct an integral to approximate the number of e-folds of inflation produced,
and find that,
N =
∫ hf
h
[
V
2F 2
(
6ωF 3 + 9F 2,hF
2 − 24G,hF,hV F + 16G2,hV 2
6V F,hF − 3V,hF 2 − 4G,hV 2
)
− F,h
F
+
4
3
G,hV
F 2
]
dh . (39)
Furthermore, we can define slow-roll parameters for this model. As in the case of standard Jordan frame
inflation, we have the ǫn (eq. (15)) and ζn (eq. (17)) functions, but the presence of the Gauss-Bonnet
coupling further inspires the definition of another set of functions we will denote by δn, which have the
form [20]
δ0 = 4G˙H , δn =
δ˙n−1
Hδn−1
. (40)
This form of the Gauss-Bonnet slow-roll functions has been used in previous studies of inflation in the
presence of the Gauss-Bonnet term coupled to the Einstein frame field. However, we find that the
combination of both a Gauss-Bonnet coupling G(h) and a non-minimal coupling function F (h), the first
standard slow-roll parameter ǫ0 can be expressed using eqs. (36) – (38) as,
ǫ0 =
ωh˙2
H2F
+ F¨
H2F
− F˙
HF
− 4(G¨−HG˙)
F
2
(
1− 4HG˙
F
) . (41)
In order for ǫ0 to be small, the denominator of this expression must not approach zero, which in turn
implies that we require 4HG˙/F ≪ 1 to sustain inflation. This, rather than the condition in the Einstein
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frame, that is, δ0 = 4HG˙ ≪ 1, is hence more suited as a basis for defining a slow-roll parameter for
this model. Therefore instead of the δn functions, we define and will use modified Gauss-Bonnet flow
functions that satisfy,
∆0 =
δ0
F
=
4HG˙
F
, ∆n =
∆˙n−1
H∆n−1
. (42)
Useful relations for manipulating these different types of slow-roll parameters have been compiled in
appendix A. As well as more accurately representing the required condition to achieve slow-roll inflation
in the Jordan frame, the use of the ∆n parameters also simplifies expressions written in terms of slow-roll
parameters. For example, expanding the kinetic and potential terms in slow-roll, we find
ωh˙2 = H2F
[
2ǫ0 + ζ0 −∆0 − ζ0 (ζ1 + ζ0 − ǫ0) + ∆0 (∆1 + ζ0 − ǫ0)
]
, (43)
V (h) = H2F
[
3− ǫ0 + 5
2
ζ0 +
1
2
∆0 +
1
2
ζ0 (ζ1 + ζ0 − ǫ0)− 1
2
∆0 (∆1 + ζ0 − ǫ0)
]
. (44)
Had we expanded the above in terms of δn parameters instead, not all terms in the expansion would be
the same order in F . In this sense, the ∆n parameters are again the more appropriate choice as they
appear in expressions on the same footing as the other kinds of slow-roll functions.
A. Scalar Perturbations
Once again we are able to cast the scalar perturbation equation in the simple Sasaki-Mukhanov form
[34],
υ′′s +
(
c2sk
2 − z
′′
s
zs
)
υs = 0 , (45)
albeit now with a non-trivial sound-speed given by,
c2s = 1 + 4G˙
1
2
(
F˙−4H2G˙
F−4HG˙
)2 (
G¨
G
−H − 4H˙ F−4HG˙
F˙−4H2G˙
)
ωh˙2 + 3
2
(F˙−4H2G˙)
2
F−4HG˙
, (46)
and as before we have zs = aQs with Qs given by
Qs =
ωh˙2 + 3
2
(F˙−4H2G˙)
2
F−4HG˙(
H + 1
2
F˙−4H2G˙
F−4HG˙
)2 . (47)
Expanded in slow roll parameters, this can be written as
Qs =
FA(
1 + 1
2
x
)2 , (48)
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where
A = 2ǫ0 + ζ0 −∆0 − ζ0 (ζ1 + ζ0 − ǫ0) + ∆0 (∆1 + ζ0 − ǫ0) + 3
2
(ζ0 −∆0) x , (49)
and
x =
ζ0 −∆0
1−∆0 . (50)
Meanwhile cs has a slow-roll expansion of,
c2s = 1 +
xB
2A
, (51)
with B defined as,
B = ∆0 (4ǫ0 − x+ x [∆1 + ζ0 + ǫ0]) . (52)
We note from these expressions that Qs = O(ǫ), c2s = 1 +O(ǫ2). That is, even though we have a non-
trivial expression for the sound speed in principle, its deviation from unity is second order in slow-roll,
and hence in practice only plays a small role in inflation.
We can proceed to compute the scalar spectrum in the usual way, using the Hankel-function solution
of eq. (45) discussed in the previous section, to obtain the expression,
PR = k
3
2π2
∣∣∣∣csυszs
∣∣∣∣
2
=
k3
2π2a2
|csυs|2
|Qs| ,
=
[
2Ωs−3/2
Γ(Ωs)
Γ(3
2
)
]2
H2
4π2cs (aHη)
2 |Qs|
(cskη)
3−2Ωs . (53)
Evaluating this in terms of slow-roll parameters at the moment when csk = aH and retaining only the
leading order terms we find the results
As ≈ H
2
4π2 |Qs| ≈
H2
4π2F |2ǫ0 + ζ0 −∆0| , (54)
for the scalar amplitude and,
ns = 1− 2ǫ0 − 2ǫ0 (ζ0 + ǫ1) + ζ0 (ζ0 + ζ1)−∆0 (ζ0 −∆1)
2ǫ0 + ζ0 −∆0 , (55)
for the corresponding spectral index.
B. Tensor Perturbations
The equation of motion for tensor perturbations in this model can also be expressed in the form,
υ′′t +
(
c2tk
2 − z
′′
t
zt
)
υt = 0 , (56)
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with sound speed
c2t =
F − 4G¨
F − 4HG˙ , (57)
and zt = a
√
Qt, with Qt found to be,
Qt = F − 4HG˙ . (58)
These expressions can then be written in terms of the slow-roll parameters as,
Qt = F (1−∆0) , (59)
and
c2t =
1−∆0 (∆1 + ζ0 + ǫ0)
1−∆0 . (60)
Note that for the tensor spectrum, the squared sound speed now deviates from unity at first order in
slow-roll. Following the usual method once again, we can write down the tensor power spectrum,
PT = 2k
3
2π2
∣∣∣∣2ctυtzt
∣∣∣∣
2
=
8k3
2π2a2
|ctυt|2
|Qt| ,
=
[
2Ωt
Γ(Ωt)
Γ(3
2
)
]2
H2
4π2ct (aHη)
2 |Qt|
(ctkη)
3−2Ωt , (61)
and then evaluate it at the time when ctk = aH , neglecting higher order terms in the slow-roll expansion,
to find that at leading order the tensor-to-scalar ratio is,
r =
PT
PR = 8
∣∣∣∣QsQt
∣∣∣∣ = 82ǫ0 + ζ0 −∆01−∆0 . (62)
Note that in doing this we have also ignored the fact that as cs 6= ct, scalar and tensor modes do not
exit the horizon simultaneously. We also find the leading order tensor spectral index in this model to
be independent of the Gauss-Bonnet correction, taking the form,
nt = −2ǫ0 − ζ0 , (63)
which means that r 6= −8nt, breaking the leading order consistency relation of standard inflation, as is
also the case for Gauss-Bonnet-coupled inflation in the Einstein frame.
V. RESULTS
Having now derived some generic results for scalar-tensor theories in the Jordan frame with a Gauss-
Bonnet coupling, we are now in a position to specialise to particular choices of coupling function to
investigate this model in detail. As discussed we are particularly interested in Higgs inflation so we use
14
F (h) = 1+fh2 with f chosen to normalise the amplitude of the scalar spectrum and the Higgs potential
of eq. (2). For simplicity, and to gain an idea of what kind of generic effects the Gauss-Bonnet term
has during inflation, we typically parametrise it as a power law G = G0h
g for this work, particularly
focusing on the case where g = −4, unless otherwise stated, as this simplifies many of the resulting
equations.
Our results are obtained via numerical integration of the system of equations specified by eqs. (36)–
(38). From this, all quantities defined at the background level are extracted and used to evaluate the
analytical expressions for the spectra derived in section IV (see eq. (53) for scalars and eq. (61) for
tensors).
A. Jordan Frame Higgs Inflation with a Gauss-Bonnet modification
Numerically we find the surprising result, that, without choosing excessively large values for the
parameters G0 and g in the Gauss-Bonnet coupling, no significant modifications to the standard Higgs
inflation spectra occur. While in general it is possible to create inflationary models where the coupling
to the Gauss-Bonnet term has a prominent role in the dynamics and hence strongly determines the
properties of the primordial spectra, the properties of Higgs inflation naturally suppress this effect. To
see this we first note that during the observable window of Higgs inflation when slow-roll is applicable
we have H ≈ O(10−6) and that in the equations of motion, terms involving the Gauss-Bonnet coupling
typically appear alongside higher powers of H than the rest of the terms. For example, in eq. (38)
the Gauss-Bonnet contribution is suppressed by a factor of H4 relative to the potential term. This,
combined with the smallness of H , stabilises Higgs inflation under Gauss-Bonnet-like corrections for all
but unnaturally large choices of coupling parameters.
This is also apparent from the definition of the different kinds of slow-roll parameter (see previous
sections or appendix A); the first Gauss-Bonnet slow-roll function ∆0 is proportional to H , which is
small, and inversely proportional to F , which is always greater than 1 for positive f . Once again we
see that unless G˙ is especially large (at least O(H−1) or so) we will have ∆0 ≈ 0 and the Gauss-Bonnet
corrections to spectra will be negligible.
A further consideration is that especially for positive power-law couplings, as Higgs inflation has
h ≪ 1, large powers of h in the coupling function will further suppress the magnitude of the ∆n
parameters. On a related note, while this in turn means that inverse-power-law type couplings to the
Gauss-Bonnet term (which will be considered in further detail in section VB) could feasibly produce a
large enough value of Gh as h→ 0 during inflation, this effect is only significant at the end of inflation,
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not in the much earlier observable window when the measured primordial spectra are determined, for
reasonable choices of g.
B. Effects of Gauss-Bonnet on the end of inflation
With inverse power-law couplings, Gh becomes very large towards the end of inflation as h→ 0 such
that even in the presence of the aforementioned large suppressions proportional to powers of the Hubble
parameter, interesting effects may occur. Numerical investigations further reveal that this manifests
as the absence of late-time oscillations of the inflaton when G becomes large enough, typically with
an inverse-power-law coupling so that as h → 0, G → ∞. This occurs both in the absence of the
non-minimal coupling function F (see Fig. 1) and in its presence (see Fig. 2) such as is the case for
Higgs inflation.
In lieu of the usual oscillations, the late-time behaviour of the system is to approach a constant value
of ǫ0 dependent on the magnitude of the Gauss-Bonnet coupling (blue-dashed trajectories of Figs. 1
and 2), in contrast to normal inflation in which the late-time behaviour corresponds to a rapid increase
in ǫ0 signifying the end of inflation (shown as green-solid trajectories in Figs. 1 and 2). Furthermore,
if the constant value of ǫ0 at late times is 0, then the inflaton/Higgs–field correspondingly approaches
a constant, non-zero value, behaving like a cosmological constant (purple-dotted trajectories of Figs. 1
and 2). We leave to future work the study of the implications of this for post-inflationary cosmology,
such as the implications for (p)reheating and whether this finding can realistically be used to explain the
observed late-time accelerating expansion of the universe. For now, we proceed to study the existence
and properties of these solutions. For this purpose it is convenient to define the parameter α as,
α =
4V0G0
3
=
λG0
3
, (64)
for power-law functions V = V0h
n and G = G0h
g and where, in the second equality, we have specialised
to the Higgs potential with V0 = λ/4. The late-time behaviour of the system is determined by the
value of α. In particular, let us rewrite eq. (38) with h˙ = h¨ = H˙ = 0 and look for the aforementioned
cosmological-constant solutions where h = hΛ is a constant. We find,
V,h(hΛ)F (hΛ)
2 − 2V (hΛ)F (hΛ)F,h(hΛ) + 4
3
V (hΛ)
2G,h(hΛ) = 0 , (65)
in which we have used eq. (36) to rewrite H2 as V/3F when h˙, and hence F˙ and G˙ are zero. Specifying
the forms of the three functions V , F , and G we are concentrating on, this expression becomes
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FIG. 1. Numerical evolutions of h (left) and ǫ0 (right) for Gauss-Bonnet inflation with F = 1 (f = 0), h0 = 22.5,
and the Higgs potential and inverse power-law (g = −4) coupling to the Gauss-Bonnet term. The solid-green
line corresponds to α = 0 (standard Higgs inflation) and is shown for comparison with the other trajectories
with non-trivial Gauss-Bonnet effects. Of these, the blue-dashed line has α = 0.25 and shows late-time constant
ǫ0, while the purple-dotted line has α = 1 which causes the scalar field to behave as a cosmological constant.
1 + fh2Λ +
1
12
λgG0h
g+4
Λ = 0 . (66)
First we note from this that for the case when G0 = 0 or g = 0 (when the Gauss-Bonnet coupling has
no effect) this reduces to 1+fh2 = 0 which has no real solutions for positive f , as is the case with Higgs
inflation. That is, without the Gauss-Bonnet term, we do not find a constant-h solution. Secondly,
studying the case when f = 0, we can rewrite the condition in eq. (66) as
1 +
g
4
αhg+4Λ = 0 . (67)
In the simplest case, when g = −4, this becomes 1 − α = 0, that is, constant-h solutions only exist
for α = 1. This solution is realised numerically and shown in Fig. 1 (dotted purple line).
The full constraint in eq. (66) when f 6= 0 cannot generally be solved analytically, but again
specialising to the case where g = −4 we can show that,
hΛ =
√
α− 1
f
, (68)
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FIG. 2. Numerical evolutions of h (left) and ǫ0 (right) with the choice of functions and parameters corresponding
to standard Higgs inflation (h0 = 0.07, f = 17367.233) and inverse power-law (g = −4) coupling to the Gauss-
Bonnet term.. The solid-green line corresponds to α = 0 (standard Higgs inflation) and is shown for comparison
with the other trajectories with non-trivial Gauss-Bonnet effects. Of these, the blue-dashed line has α = 0.25
and shows late-time constant ǫ0, while the purple-dotted line has α = 2.5 which causes the scalar field to behave
as a cosmological constant at late times. Compared to trajectories shown in Fig. 1 with f = 0, the primary
effect of a non-zero f is to affect the transition between the early-time behaviour, which resembles normal
inflation, and the late time behaviour with constant ǫ0. In particular, the transition between these two periods
has a local feature in the evolution of ǫ0. For the cosmological constant trajectory, this feature also manifests
to temporarily bring about a small deviation from the otherwise de-Sitter-like expansion.
from which we see that real values of hΛ obey the constraint equation when α ≥ 1. An example of this
is shown in Fig. 2 where α = 2.5 and f = 17367.233, and hence the late-time constant value approached
for this trajectory is given by eq. (68) as hΛ = 0.0092935217, in agreement with the numerical result
presented. We note that in contrast to the pure Gauss-Bonnet case where f = 0 and α must be exactly
1 to lead to cosmological constant solutions (and α > 1 corresponds to non-inflationary trajectories
with growing h), the additional presence of a simple but non-trivial coupling to the Ricci scalar here
has increased the parameter space of cosmological constant solutions to all α ≥ 1.
For 0 < α < 1, rather than cosmological constant-like behaviour (ǫ0 → 0 at late times), we instead
observe ǫ0 approach a non-zero constant. In such cases, shown in the blue-dashed trajectories of Figs.
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1 and 2, we note that the value of ǫ0 approached is essentially independent of f and initial conditions,
depending only on α. This has been numerically verified for several cases, one example of which is
shown in the f = 0 example in Fig. 1 and the large f example in Fig. 2, which both have α = 0.25 and
approach ǫ0 ≈ 0.461. During a period when ǫ0 = ǫc is approximately constant, we can use the definition
of ǫ0 to write H˙ = −ǫcH2, or alternatively, H ′ = −ǫcH where H ′ indicates the derivative with respect
to e-fold number N . Solutions of this differential equation will in turn approximate the behaviour of H
during this period, for which we find
H = H(N0) exp (−ǫc (N −N0)) , (69)
where N0 is the value of N when ǫ0 began to be (approximately) constant. Given the behaviour of H ,
we can then infer the evolution of h through, say, eq. (44), in the form,
H2 =
V
(3 +O(ǫ0))F ≈
V
3F
≈ λh
4
12 (1 + fh2)
, (70)
which is valid when the constant value of ǫ0 is considerably less than 3. From this, the evolution of h is
given by,
h ≈


√
12f
λ
H =
√
12f
λ
H(N0) exp (−ǫc (N −N0)) , fh2 ≫ 1 ,(
12
λ
)1/4√
H =
(
12H(N0)
2
λ
)1/4
exp (−ǫc (N −N0) /2) , fh2 ≪ 1 .
(71)
Typically at late times (or always, when f = 0) it is the latter case (fh2 ≪ 1) that will be relevant.
In either case h exponentially declines towards 0, which can be seen qualitatively in the blue-dashed
trajectories of Figs. (1) and (2).
We finally emphasise that the almost entirely negligible effects of the Gauss-Bonnet term on infla-
tionary spectra in Higgs inflation-like models, as discussed in section VA, may provide a natural way of
realising such a theory without having to fine tune the specifics of the Gauss-Bonnet coupling to address
both inflationary and post-inflationary concerns; the presently experimentally-favoured properties of
standard Higgs inflation could be produced independently of the details of the Gauss-Bonnet coupling’s
modification of the end of inflation.
VI. CONCLUSIONS
In this paper we have presented a tensor-scalar theory with a non-minimal coupling between the
scalar field and the Ricci scalar as well as to the Gauss-Bonnet term. While this work was conceived
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in and motivated by the particular context of extending and generalising Higgs inflation, the analytical
discussion is done in general terms, with Higgs inflation and its Gauss-Bonnet modifications just special
cases identified by particular choices of coupling functions.
To allow much of this analysis to be confidently performed in the Jordan frame, as the conformal
transformation of the Gauss-Bonnet term is rather complicated, we first rediscovered the known an-
alytical predictions for standard Higgs inflation to leading order in slow-roll, without appealing to a
conformal transformation to the Einstein frame as is usually done. In doing this we utilise an additional
set of slow-roll parameters pertinent to the additional terms present in the Jordan frame representation
of the model.
Upon verifying that our methods to study inflation and the primordial power spectra in a non-
standard frame do not disagree with the existing literature on this topic, we proceed to apply them to
the full model of interest including a non-trivial coupling to the Gauss-Bonnet combination. In doing
so, we again make use of a new set of slow-roll parameters previously defined in terms of Gauss-Bonnet
inflation, but modify their definition to better suit the Jordan frame and perform a leading-order slow-roll
analysis to obtain expressions for the scalar and tensor spectra.
Finally we implement a full numerical integration of the equations of motion and find that the Gauss-
Bonnet term has interesting effects beyond the slow-roll approximation, such as being able to prevent
oscillations of the inflaton around the minimum of its potential, instead seeming to freeze the scalar
field in at a finite non-zero value. This potentially has implications for late-time cosmology and the
dark energy problem (a context in which the Gauss-Bonnet term has previously been considered, see
e.g. [35]), and in turn a link between this and early-time inflationary cosmology. We leave an analysis
of the feasibility of this for future work. Furthermore, with regards to the original motivation of this
work, that is, Gauss-Bonnet corrections to Higgs inflation, we find that the spectral predictions of Higgs
inflation are highly stable under such corrections, suppressing any new effects from the Gauss-Bonnet
coupling by several orders of magnitude due to the smallness of the field h and the Hubble parameter
H during the observable window.
While in this work we specialised to the case of a G ∝ h−4 coupling for the sake of convenience,
similar effects on the end of inflation are expected to occur for other negative power law couplings
(and we have numerically confirmed this for other simple cases such as standard m2φ2 inflation with a
G ∝ φ−2 coupling). We further expect that due to the smallness of H during Higgs inflation, corrections
to the power spectra from a Gauss-Bonnet coupling will be small for any reasonable coupling function,
particularly positive power law couplings in which the smallness of h during the observable window will
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further suppress the magnitude of terms proportional to derivatives of G in the equations of motion. We
hence have reason to believe our results are applicable in a considerably wider context than the single
choice of coupling we numerically investigated here.
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Appendix A: Generalised slow-roll parameters
In this work we have defined the usual slow-roll parameters,
ǫ0 =
−H˙
H2
, ǫn =
ǫ˙n−1
Hǫn−1
, (A1)
the Gauss-Bonnet flow functions, (see eg. [20])
δ0 = 4G˙H , δn =
δ˙n−1
Hδn−1
, (A2)
and the Jordan frame flow functions, (see section III and references therein)
ζ0 =
F˙
HF
, ζn =
ζ˙n−1
Hζn−1
. (A3)
The second and third of these types of slow-roll parameters are useful when considering Gauss-Bonnet
inflation and Jordan frame inflation, respectively. However, when considering both the Gauss-Bonnet
term and the implications of working in the Jordan frame, it is more convenient to use a different
definition of the Gauss-Bonnet flow parameters. As discussed in the main text (see section IV), the
more appropriate set of slow-roll parameters is,
∆0 =
δ0
F
=
4HG˙
F
, ∆n =
∆˙n−1
H∆n−1
. (A4)
We can compare equations in terms of δn to ones in terms of our new ∆n parameters by using the
following relations derived from the definitions of the slow-roll parameters.
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δ0 = F∆0 , (A5)
δ1 = ∆1 + ζ0 , (A6)
δ2 =
∆1∆2 + ζ0ζ1
∆1 + ζ0
, (A7)
and so on. Expanding some common functions that appear in the equations of motion, as well as
derivatives of the slow roll parameters which will be needed when calculating power spectra, we find,
H˙ = −H2ǫ0 , (A8)
G˙ = ∆0F/4H , (A9)
F˙ = HFζ0 . (A10)
ǫ˙n = Hǫnǫn+1 , (A11)
δ˙n = Hδnδn+1 , (A12)
ζ˙n = Hζnζn+1 . (A13)
H¨ = −H3ǫ0 (ǫ1 − 2ǫ0) , (A14)
G¨ = ∆0F (∆1 + ζ0 + ǫ0) /4 (A15)
F¨ = H2Fζ0 (ζ0 + ζ1 − ǫ0) . (A16)
ǫ¨n = H
2ǫnǫn+1 (ǫn+2 + ǫn+1 − ǫ0) , (A17)
δ¨n = H
2δnδn+1 (δn+2 + δn+1 − ǫ0) , (A18)
ζ¨n = H
2ζnζn+1 (ζn+2 + ζn+1 − ǫ0) . (A19)
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